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Three neutrino Dm2 scales and the singular seesaw mechanism
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It is shown that the singular seesaw mechanism can simultaneously explain all the existing data supporting
nonzero neutrino masses and mixing. The three mass-squared differences that are needed to accommodate the
atmospheric neutrino data~through nm2ns oscillation!, the solar neutrino data via the MSW mechanism
~throughne2nt oscillation!, and the positive result ofnm2ne oscillation from the LSND can be generated by
this mechanism, whereas the vacuum oscillation solution to the solar neutrino problem is disfavored. We find
that the electron and tau neutrino masses are of the order of 1023 eV, and the muon neutrino and a sterile
neutrino are almost maximally mixed to give a mass of the order of 1 eV. Two heavy sterile neutrinos have a
mass of the order of 1 keV which can be obtained by the double seesaw mechanism with an intermediate mass
scale;105 GeV. A possible origin of such a scale is discussed.@S0556-2821~98!04917-0#

PACS number~s!: 14.60.Pq, 14.60.St
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I. INTRODUCTION

There are several neutrino oscillation experiments wh
have indicated the nonzero neutrino masses and mixing.
solar neutrino problem is the first to be noted. The deficit
the solar neutrinos predicted by the standard solar mo
~SSM! @1# can be explained by the neutrino oscillation b
tweenne andnx . Thenx can benm , nt , or a sterile neutrino.
In the case of resonant Mikheyev-Smirnov-Wolfenste
~MSW! transitions@2#, it was found@3# that the oscillation
parametersDm2 and sin2 2q ~q is the mixing angle!, given
by

331026&Dmsolar
2 ~eV2!&1.231025,

431023&sin22qex&1.231022, ~1!

can explain the solar neutrino problem. The solar neutr
problem can also be solved by invoking vacuum neutr
oscillations@4#, in which case the neutrino mass-squared d
ference is aboutDm2;10210 eV2.

Another hint of the neutrino masses and mixing com
from experiments on atmospheric neutrinos. Indications

favor of n
(2)

m→ n
(2)

x oscillations (xÞm) have been found a
the Kamiokande@5#, IMB @6#, and recent Super-Kamiokand
@7# and Soudan-II@8# atmospheric neutrino experiment
From the analysis of the Super-Kamiokande and the o
data the allowed ranges for the oscillation parameters w
obtained@7,9#, assumingnm↔nt :
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331024&Dmatm
2 ~eV2!&731023

0.8&sin2 2qmt&1. ~2!

The recent results from the CHOOZ reactor experiment
pear to exclude thenm↔ne oscillation as a solution to the
atmospheric neutrino problem@10,7#. The neutrino oscilla-
tionsnm↔nt andnm↔ns give rise to a similar result for the
atmospheric neutrino anomaly sincens andnt are not distin-
guishable in the current experiments. New experiments w
high statistics at Super-Kamiokande and the Imaging of C
mic and Rare Underground Signals~ICARUS! experiment
can provide the discrimination@11#.

Finally, indications in favor ofn̄m→ n̄e oscillations have
been found recently at the Liquid Scintillation Neutrino D
tector~LSND! experiment@12#, in which antineutrinos origi-
nating from the decays ofm1’s at rest were detected. Th
KARMEN experiment@13# will be able to cross-check the
positive result of LSND in the near future. From the analy
of the data of the LSND experiment and the negative res
of other short-base-line experiments~in particular, the Bugey
@14# and BNL E776@15# experiments!, one obtains the os
cillation parameters:

0.3&DmLSND
2 ~eV2!&2.2 eV2

1023&sin22qem&431022. ~3!

All the existing neutrino experiments which are in favor
neutrino oscillations can not be accommodated by a sch
with mixing of ordinary three neutrinos. That is, the allowe
ranges of the mass-squared differences which explain
solar neutrino, atmospheric neutrino, and LSND neutrino
periments do not overlap at all. In order to obtain three
© 1998 The American Physical Society03-1
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dependent mass-squared differences which can explain
known three experiments, we need at least four massive
trinos @16–20#. Furthermore, only two schemes of neutrin
mass-squared differences are compatible with the result
all the experiments@19#. Four neutrino masses are divide
into two pairs of almost degenerate masses separated
gap of;1 eV which is indicated by the result of the LSN
experiments:

~4!

In ~A!, Dm21
2 is relevant for the explanation of the atm

spheric neutrino anomaly andDm43
2 is relevant for the sup-

pression of solarne’s. In ~B!, the roles ofDm21
2 and Dm43

2

are interchanged.
If there exists a fourth neutrino, it has to be a ster

neutrino as indicated by the invisible decay width ofZ0. The
mixing between a fourth neutrino and active neutrinos co
be constrained by big-bang nucleosynthesis. The act
sterile neutrino mixings suggested by the known neutr
experiments may increase the effective number of neutr
and deplete the electron neutrino and antineutrino pop
tions in the nucleosynthesis era, and thus alter significa
the prediction for the primordial4He mass fraction. For-
merly, the effective number of neutrino species was con
ered to be less than 4, and therefore the large mixings
tween a sterile neutrino and the active neutrinos solving
solar neutrino and the atmospheric neutrino problem w
disfavored@21#. However, because of the recent obser
tional determinations of the primordial deuterium abunda
@22,23#, the big-bang nucleosynthesis constraints on the n
standard neutrinos have been revised. It has been argued
an effective number of neutrino species more than 4~but less
than 5! can be acceptable@24#, in which case there is room t
bring one sterile neutrino species into equilibrium with t
known neutrinos in the early universe and therefore no c
straints on active-sterile neutrino oscillation parameters
be drawn. More interestingly, it is possible to reconcile st
ile neutrinos with big-bang nucleosynthesis even if the eff
tive number of neutrino species turns out to be less than
has been found that the active-sterile neutrino oscillat
solving the solar or atmospheric neutrino problem does
increase the effective number of neutrinos if the relic n
trino asymmetry is large enough (Ln.1025) @25#.

In the conventional seesaw mechanism, right-handed n
trinos are heavy and make active neutrinos very light. In t
paper, we explore the possibility that a right-handed neutr
remains light: that is, the right-handed neutrino mass ma
is singular and has rank 2 in a three-generation model. T
is called the singular seesaw mechanism@26# which will be
analyzed in Sec. II. Three mass-squared differences for
light four neutrinos will be parametrized in terms of tw
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mass scales: the Dirac mass and Majorana mass of h
right-handed neutrinos. By construction, the sterile neutr
~a light right-handed neutrino! and an active neutrino ar
maximally mixed, which is desirable for the solution of th
atmospheric neutrino anomaly. In Sec. III, we will find th
region of the two mass parameters by which all the neutr
data mentioned above can be accommodated. It is then
quired that the Dirac mass scale is;1 eV and the heavy
Majorana mass scale is;1 keV. Such low mass scales a
shown to imply the presence of an intermediate sc
;105 GeV and the grand unification scale;1016 GeV in the
double seesaw mechanism introduced in Sec. IV. Finally,
conclude in Sec. V.

II. SINGULAR SEESAW MECHANISM

In the singular seesaw mechanism@26#, the neutrino mass
matrix is written by

M5F 0 eMD

eMD
† M M

G , ~5!

whereMD is the usual Dirac neutrino mass matrix andM M
is the right-handed Majorana neutrino mass matrix taken
be a singular~rank-2! 333 matrix. Here, we assume tha
there is no hierarchical structure in the mass matricesMD
andM M whose elements are of the same order of magnitu
denoted byM . The small numbere encodes the hierarchica
structure of the Dirac and sterile~right-handed! neutrino
masses. The valueM is related to the physics of lepton num
ber violation and new physics. Two parameterse andM are
to be determined later. We write the neutrino states in
interaction basis as

C I5F c~e,m,t!,l

c~e,m,t!,S
G , ~6!

where c (e,m,t),l and c (e,m,t),S represent, respectively, th
three standard active and sterile neutrinos. In the contex
the singular seesaw mechanism, a combination ofc (e,m,t),S
becomes light. In order to obtain physical neutrino states
mass eigenvalues, we perform diagonalization by sev
steps. The first step is to diagonalize the Majorana part b
rotation matrixR such as

M5F1 0

0 RTGF 0 eMDRT

eRMD
†

M̃ M
G F1 0

0 RG , ~7!

where

M̃ M5RMMRT5diagonal matrix. ~8!

SinceM M is a rank-2 singular matrix, we can take zero f
the 11-element of the diagonal matrixM̃ M . Then, we rewrite
the mass matrix as
3-2
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THREE NEUTRINODm2 SCALES AND THE SINGULAR . . . PHYSICAL REVIEW D 58 093003
F 0 eMDRT

eRMD
†

M̃ M
G5F eMa eMb

eMb
†

M̃m
G , ~9!

whereMa is a 434 matrix,Mb is a 432 matrix, andM̃m is
a 232 diagonal matrix. In particular, the matrix elemen
Ma i j for i , j 51,2,3 are zero. The values of the other mat
elements can be taken to be arbitrary. The next step i
block-diagonalize this mass matrix as follows:

F eMa eMb

eMb
†

M̃m
G5F 1 eP

2ePT 1 GFQ 0

0 M̃m
G F 1 2eP

ePT 1 G .
~10!

Here the 432 matrixP and the light neutrino mass matrixQ
are given by

P5MbM̃m
21,

Q5eMa2e2PM̃mPT5eMa2e2MbM̃m
21Mb

T . ~11!

Finally, the light neutrino mass matrixQ is diagonalized by
a 434 unitary rotation matrixU. The mass eigenstate
~physical states! are given by

CP5FU 0

0 1GF 1 2eP

ePT 1 GF1 0

0 RG F c~e,m,t!,l

c~e,m,t!,S
G . ~12!

Let us now determine the masses of six physical neu
nos. The mass matrix relevant for heavy neutrinos isM̃m .
The nonzero values of the matrix elements are of orderM .
And the physical neutrino fields are given by

n55 (
a5e,m,t

e~Pa,1na,l1P4,1R1,ana,S!1R2,ana,S

.R2,ana,S ,

n65 (
a5e,m,t

e~Pa,2na,l1P4,2R1,ana,S!1R3,ana,S

.R3,ana,S . ~13!

The masses of the light neutrinos come from diagonaliz
the mass matrixQ given by

Q5eMa2e2MbM̃m
21Mb

T . ~14!

Neglecting thee2 term, the most general matrix is

Q5eMa5F 0 0 0 a

0 0 0 b

0 0 0 c

a b c 0

G . ~15!
09300
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The eigenvalues ofQ are two zeros and6Aa21b21c2.
These twofold degeneracies are lifted by thee2 term
2e2MbM̃m

21Mb
T . Therefore, the light neutrinos are, in ge

eral, two with masse2M and two with masseM , their mass
difference being of ordere2M .

When we neglect thee2 term in the mass matrix, the
neutrino mass eigenstates are

n3,45
1

&
S ane1bnm1cnt

Aa21b21c2
6nSD , ~16!

wherenS5R1ana,S is the massless component of the ster
neutrino mass matrix. The other two neutrino states~whose
masses are of ordere2M ) are orthogonal combinations o
n3,4. Including thee2 term in the light neutrino mass matri
Q, it will give an order ofe to the neutrino mixing. There-
fore, we know that the lightest pair of the neutrinos wi
masse2M are most likely active neutrinos. However, th
compositions of then3 andn4 are dependent on the form o
the mass matrix. For example, leta5b5c; then the elec-
tron, muon, and tau neutrino component inn3,4 is 1/6, re-
spectively. The other half of these neutrinos is the ste
neutrino. As another example, considerc50 anda5b; then
the electron and muon neutrino component inn3,4 is 1/4,
respectively, and the other half ofn3,4 is sterile.

We summarize the neutrino mass eigenvalues and t
mass-squared differences which are relevant to the kn
neutrino experiments for our discussions. The neutr
masses are determined as follows:

mn1
.mn2

.e2M ,

mn3
.mn4

.eM ,

mn5
.mn6

.M . ~17!

The two lightest neutrinosn1 andn2 are mostly active neu-
trinos. The two medium-weighted neutrinosn3 and n4 are
almost equal combinations of active and sterile neutrin
The two heaviest neutrinosn5 andn6 are almost sterile neu
trinos. Therefore, the mass-squared differences are give

Dm21
2 5~mn2

1mn1
!~mn2

2mn1
!.e4M2,

Dm43
2 5~mn4

1mn3
!~mn4

2mn3
!.e3M2,

Dm42
2 5~mn4

1mn2
!~mn4

2mn2
!.e2M2,

~18!

andDm42
2 .Dm41

2 .Dm32
2 .Dm31

2 .

III. DETERMINATION OF e, M , AND THE NEUTRINO
MASSES

As shown above, the singular seesaw mechanism
threeDm2 scales which provide the possibility of explainin
3-3
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E. J. CHUN, C. W. KIM, AND U. W. LEE PHYSICAL REVIEW D58 093003
the three known experiments. It is, however,a priori uncer-
tain whether the three experimental data~1!, ~2!, and~3! can
be accommodated simultaneously since the threeDm2 are
parametrized by only two numberse andM . We wish to see
if the scheme~B! in Eq. ~4! can indeed be realized. Note fir
that the large mixing required for the atmospheric neutr
oscillation is built in the singular seesaw mechanism. Tha
a combination of active neutrinos and a sterile neutrino
the maximal mixing to yield degenerate neutrinosn3 ,n4 .
Therefore, the atmospheric neutrino problem can be
plained by the large mixingnm↔ns oscillation with the
mass-squared differenceDm43

2 .e3M2. The solar neutrino
problem is then to be solved by thene↔nt oscillation with
the smallest mass-squared differenceDm21

2 .e4M2. As a
consequence, thenm↔ne oscillation occurs automatically
with the largest mass-squared differenceDm42

2 .e2M2,
which may yield observable signals in thenm↔ne oscillation
experiments.

Let us now look for the parameter region of (e,M ) deter-
mined by the neutrino experiments, that is,e4M25Dmsolar

2 ,
e3M25Dmatm

2 , and/ore2M25DmLSND
2 . From the first two

identities based on the MSW solution to the solar neutr
problem and the atmospheric neutrino oscillation, one fi
the region of a crescent shape insidee5(0.43– 9.6)31023

andM5(0.02– 9.3) keV. Remarkably, this region gives ri
to Dm42

2 5e2M2 in the sensitivity range of the LSND an
KARMEN experiments. Imposing the LSND positive resu
the allowed region of (e,M ) is further reduced and, in fac
determined solely by the solar neutrino and LSND data. T
common region of (e,M ) which can explain all three known
experiments lies inside

e5~1.1– 6.4!31023, M5~0.086– 1.3! keV, ~19!

which is shown in Fig. 1. From Eqs.~17! and ~19!, we find
the following typical values for the neutrino masses:

FIG. 1. The regions between the dashed lines, the dotted li
and the solid lines are allowed by the solar neutrino data, the at
spheric neutrino data, and the LSND data, resepectively.
shaded region accomodates all the three neutrino experiments
09300
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mn1,2
;1023 eV,

mn3,4
;1 eV,

mn5,6
;1 keV. ~20!

If the solar neutrino deficit is due to the vacuum oscillatio
the solar neutrino data and the atmospheric neutrino d
yield e5Dm21

2 /Dm43
2 &331027. Then the heavy right-

handed neutrinos (n5,6) get mass 100 MeV&M&50 GeV
and 30 eV&mnm,s

&700 eV. The right-handed neutrino
with such high masses overclose the universe as they ca
decay fast into the standard model particles. The muon
light sterile neutrinos can be candidates for hot dark mat
satisfying the overclosure bound( imn i

&94h2Vn eV. But
they are too heavy to provide a good fit for the structu
formation asVn&0.3 is required in mixed dark matter mod
els @27,28#. Furthermore, one finds no region of (e,M )
which accommodates all the three neutrino experime
Therefore, our model disfavors the possibility of solving t
solar neutrino problem in terms of the vacuum oscillatio
Thus, the existence of hot dark matter desirable for struc
formation in the mixed dark matter scenario is a natural c
sequence of the singular seesaw mechanism under cons
ation.

The neutrino componentsn5,6 being sterile decouple at
very high temperature~say,Ts.100 GeV), and their abun
dance compared to active neutrinos is suppressed by a fa
of ns /na5ge f f(Ta)/ge f f(Ts) wherens,a are the relic number
densities of sterile and active neutrinos, respectively,
ge f f is the effective number of relativistic degrees of freedo
at the respective decoupling temperature. RecallingTa
;1 MeV, the abundance of sterile neutrinos is smaller th
that of active neutrinos roughly by factor of 10@29#. Now
that the mixing between the heavy sterile and active neu
nos (tanu'e) is small enough, the heavy sterile neutrin
can never be brought into thermal equilibrium@21#. There-
fore, it follows from Fig. 1 that the heavy sterile neutrino c
be a candidate for the warm dark matter in some param
range.

IV. DISCUSSIONS ON THE MASS SCALE
OF THE STERILE NEUTRINOS

It seems unnatural to have sterile~right-handed! neutrinos
with mass scaleM'1 keV. Such a low mass scale of lepto
number violation is not acceptable. In the usual sees
mechanism this scale is about 1012 GeV or grand unified
theory~GUT! scale. In order to raise the lepton number vi
lation scale in our scheme, we introduce the ‘‘double sees
mechanism’’ in which extra sterile neutrinos are needed
addition to the ordinary right-handed neutrinos. A simp
realization of the double seesaw mechanism can be foun
GUT with intermediate step breakings. The minimal~nonsu-
persymmetric! grand unification model is ruled out from th
study of the gauge coupling evolution@30#, but nonminimal
GUT models and supersymmeric GUT models can succ

s,
o-
e

3-4
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THREE NEUTRINODm2 SCALES AND THE SINGULAR . . . PHYSICAL REVIEW D 58 093003
fully accommodate the gauge coupling unification and
absence of proton decay. As an example, let us consid
GUT model with E6 unification group. It has five neutra
particles in each generation of the fermion27 representation:
Two @16 under SO~10!# of them are the neutrinos in th
discussion: other three neutrinos@1110 under SO~10!# are
heavy neutrinos with GUT scale masses. Suppose that
mass matrix of the active neutrinos, the right-handed neu
nos, and the extra sterile neutrinos takes the form

M5F 0 0 ML

0 0 MR

ML
T MR

T MS

G . ~21!

HereML is the Dirac mass matrix originating from the ele
troweak symmetry breaking, andMR ,MS are generated from
a higher symmetry breaking. Note thatML ,MR are 339
matrices, andMS is a 939 matrix in the three-generatio
model. It should be mentioned that the mass matrix~21!
requires fine-tunings which may not be a serious problem
supersymmetric theories. Given the hierarchyML!MR
!MS , the seesaw mechanism with the ultraheavy neutr
massesMS gives rise to the 636 matrix,

Msub52F ML

MR
GMS

21@ML
T MR

T#

52F MLMS
21ML

T MLMS
21MR

T

MRMS
21ML

T MRMS
21MR

TG , ~22!

which can be identified with the matrix~5! apart from the
upper-left corner. Note that the singular seesaw mechan
requires the lower-right submatrix of Eq.~22! to be singular.
The nonzero contribution in the upper-left part of the mat
~22! is of the order of the solar neutrino mass scalee2M
;1023 eV which does not alter our conclusion.

Following the discussion in the previous section, we c
find typical scales ofMR and MS . Namely, requiringe
5ML /MR , M5MR

2/MS , andML.100 GeV, one obtains

MR'105 GeV, MS'1016 GeV. ~23!

It is worth emphasizing that the heaviest mass scaleMS co-
incides with the conventional GUT scale. On the other ha
the intermediate scaleMR turns out to be considerably lowe
than the conventional scale 1012 GeV desirable for the usua
seesaw mechanism. In GUT models, various intermed
scales of gauge symmetry breaking can be made consi
with the unification of gauge coupling constants. In partic
lar, such a low scaleMR may be obtained by introducin
certain exotic particles to the GUT model@31#.

The scaleMR may be related to the physics of supersy
metry breaking. In the supersymmetric standard model,
persymmetry breaking can be mediated either by gravita
or by gauge interactions@32#. The latter scheme provides
natural suppression of flavor violation in the supersymme
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sector and yields distinctive phenomenological and cosm
logical consequences@33,34#. The minimal type of such
theories requires the existence of vectorlike quarks and
tons~messengers! at the mass scale (104– 105) GeV. This is
a just right scale forMR under discussion. Therefore, in th
supersymmetric standard model with gauge-mediated su
symmetry breaking, it is conceivable that some messen
are vectorlike sterile neutrinos with the mass matrix given
Eq. ~21!.

V. CONCLUSIONS

Motivated by recent experimental evidence for nonze
neutrino masses and mixing, we have examined the co
quences of the singular seesaw mechanism. The three m
squared scales required for simultaneously explaining the
lar and atmospheric neutrino anomalies, and the LSND d
can be realized if the Majorana mass matrix of right-hand
neutrinos is rank 2. Without assuming any hierarchies in
Dirac and Majorana mass matrices, three mass-squared
ues are found to be determined by two mass parameters
Dirac mass for the active neutrinos and the Majorana m
for heavy right-handed neutrinos. The singular sees
mechanism cannot accommodate simultaneously the vac
oscillation explanation of the solar neutrino deficit and t
atmospheric neutrino oscillation. However, the MSW so
tion to the solar neutrino problem is consistent with t
model and the existence of the LSND mass scale is a
explained. The almost maximal mixing of a sterile neutri
with the muon neutrino~having the Dirac massmn3,4

;1 eV) explains the atmospheric neutrino anomaly, and
mixing of the electron and tau neutrino explains the so
neutrino anomaly ~having the lightest massmn1,2

;1023 eV). Two massive right-handed neutrinos turn out
be rather light~having a Majorana massmn5,6

;1 keV). We

stress that the existence of hot dark matter~consists ofnm,s)
desirable for the structure formation of the universe is a na
ral consequence of our scheme. In addition, warm dark m
ter can be provided by the heavy right-handed neutrinos.
have introduced the double seesaw mechanism in which
two low mass scalesmn3,4

and mn5,6
are generated by the

weak scaleML;100 GeV and an intermediate scaleMR
;105 GeV together with the usual grand unification sca
MS;1016 GeV. A candidate for the intermediate scaleMR
can be found in GUT models with an intermediate st
breaking or in gauge-mediated supersymmetry-break
models.

ACKNOWLEDGMENTS

U.W.L. thanks KIAS for the kind hospitality during his
visit. E.J.C. would like to thank Alexei Smirnov for variou
comments on this work and ICTP for its hospitality durin
the Extended workshop on Highlights in Astroparticle Phy
ics. E.J.C. is supported by the Non-Directed Research F
of Korea Research Foundation, 1996.
3-5



tt

rg
e
.

e

nt

ez

-

J.

n,
n,

ett.

ar,
-

. F.

ll,

.
-
.

B

ev.
,
.

E. J. CHUN, C. W. KIM, AND U. W. LEE PHYSICAL REVIEW D58 093003
@1# J. N. Bahcall and M. H. Pinsonneault, Rev. Mod. Phys.67, 781
~1995!; S. Turck-Chie`ze et al., Phys. Rep.230, 57 ~1993!; V.
Castellaniet al., ibid. 281, 309 ~1997!; A. Dar and G. Shaviv,
Nucl. Phys. B~Proc. Suppl.! 48, 335 ~1996!.

@2# S. P. Mikheyev and A. Yu. Smirnov, Yad. Fiz.42, 1441
~1985! @Sov. J. Nucl. Phys.42, 913~1985!#; Nuovo Cimento C
9, 17 ~1986!; L. Wolfenstein, Phys. Rev. D17, 2369 ~1978!;
20, 2634~1979!.

@3# GALLEX Collaboration, Phys. Lett. B285, 390 ~1992!; P. I.
Krastev and S. T. Petcov,ibid. 299, 99 ~1993!; G. Fiorentini
et al., Phys. Rev. D49, 6298~1994!; N. Hata and P. G. Lan-
gacker,ibid. 56, 6107~1997!.

@4# V. Barger, R. J. N. Phillips, and K. Whisnant, Phys. Rev. Le
69, 3135~1992!; P. I. Krastev and S. T. Petcov,ibid. 72, 1960
~1994!.

@5# Y. Fukuda et al., Phys. Lett. B335, 237 ~1994!; 388, 397
~1996!.

@6# R. Becker-Szendyet al., Nucl. Phys. B~Proc. Suppl.! 38, 331
~1995!.

@7# Y. Totsuka, presented at the Lepton-Photon ’97, Hambu
Germany, 1997; E. Kearns, presented at the ITP conferenc
Solar Neutrinos: News About SNUs, Santa Barbara, 1997

@8# S. M. Kasaharaet al., Phys. Rev. D55, 5282~1997!; T. Kafka,
presented at Taup 97, LNGS, Asssergi, Italy, 1997.

@9# M. C. Gonzalez-Garcia, H. Nunokawa, O. Peres, T. Stan
and J. W. F. Valle, Phys. Rev. D~to be published!,
hep-ph/9801368; V. Barger, T. J. Weiler, and K. Whisna
hep-ph/9712495.

@10# CHOOZ Collaboration, M. Apollonioet al., Phys. Lett. B420,
397 ~1998!.

@11# F. Vissani and A. Yu. Smirnov, Phys. Lett. B432, 376~1998!;
Q. Y. Liu and A. Yu. Smirnov, Nucl. Phys. B524, 505~1998!.

@12# C. Athanassopouloset al., Phys. Rev. Lett.77, 3082 ~1996!;
Report No. UCRHEP-E197, nucl-ex/9709006.

@13# B. Bodmannet al., Nucl. Phys.A553, 831c ~1993!; K. Eitel,
presented at 32nd Recontres de Moriond~hep-ex/9706023!.

@14# B. Achkaret al., Nucl. Phys.B434, 503 ~1995!.
@15# L. Borodovskyet al., Phys. Rev. Lett.68, 274 ~1992!.
@16# J. T. Peltoniemi and J. W. F. Valle, Nucl. Phys.B406, 409

~1993!; D. O. Caldwell and R. N. Mohapatra, Phys. Rev. D50,
3477 ~1994!; J. J. Gomez-Cadenas and M. C. Gonzal
Garcia, Z. Phys. C71, 443 ~1996!; S. Goswami, Phys. Rev. D
55, 2931~1997!.

@17# E. Ma and P. Roy, Phys. Rev. D52, R4780~1995!; E. J. Chun,
A. S. Joshipura, and Al. Y. Smirnov, Phys. Lett. B357, 608
~1995!; Phys. Rev. D54, 4654 ~1996!; R. Foot and R. R.
Volkas, ibid. 52, 6595~1995!; Z. Berezhiani and R. N. Moha
patra, ibid. 52, 6607 ~1995!; E. Ma, Mod. Phys. Lett. A11,
1893~1996!; A. Yu. Smirnov and M. Tanimoto, Phys. Rev. D
55, 1665~1997!.

@18# S. M. Bilenky et al., Phys. Rev. D54, 4432~1996!.
@19# S. M. Bilenky, C. Giunti, and W. Grimus, Eur. Phys. J.61, 297

~1998!.
@20# N. Okada and O. Yasuda, Int. J. Mod. Phys. A12, 3669

~1997!.
@21# K. Kainulainen, Phys. Lett. B237, 440~1990!; R. Barbieri and

A. Dolgov, Nucl. Phys.B349, 743 ~1991!; K. Enqvist, K.
09300
.

,
on

v,

,

-

Kainulainen, and M. Thomson,ibid. B373, 498 ~1992!; J. M.
Cline, Phys. Rev. Lett.68, 3137~1992!; X. Shi, D. Schramm,
and B. D. Fields, Phys. Rev. D48, 2563~1993!.

@22# A. Songalia, E. J. Wampler, and L. L. Cowie, Nature~London!
385, 137 ~1997!; M. Rugers and C. J. Hogan, Astrophys.
Lett. 459, L1 ~1996!; Astron. J.111, 2135~1996!; R. F. Car-
swell et al., Mon. Not. R. Astron. Soc.268, L1 ~1994!; A.
Songalia, L. L. Cowie, C. Hogan, and M. Rugers, Nature~Lon-
don! 368, 599 ~1994!.

@23# S. Burles and D. Tytler, astro-ph/9603070; D. Tytler, X. Fa
and D. Tytler, astro-ph/9603069; D. Tytler and X. M. Fa
Bull. Am. Astron. Soc.26, 1424~1994!.

@24# C. J. Copi, D. N. Schramm, and M. S. Turner, Phys. Rev. L
75, 3981~1995!; Phys. Rev. D55, 3389~1997!; B. D. Fields
and K. A. Olive, Phys. Lett. B368, 103 ~1996!; New Astron.
1, 77 ~1996!; C. Y. Cardall and G. M. Fuller, Phys. Rev. D54,
1260 ~1996!; astro-ph/9603071; P. J. Kernan and S. Sark
Phys. Rev. D54, 3681~1996!; N. Hata, G. Steigman, S. Bud
man, and P. Langacker,ibid. 55, 540 ~1997!.

@25# R. Foot and R. R. Volkas, Phys. Rev. Lett.75, 4350~1995!.
@26# R. Johnson, S. Ranfone, and J. Schechter, Phys. Lett. B179,

355 ~1986!; Phys. Rev. D35, 282 ~1987!; M. Gronau, R.
Johnson, S. Ranfone, and J. Schechter,ibid. 37, 2597~1988!;
T. J. Allen, R. Johnson, S. Ranfone, J. Schechter, and J. W
Valle, Mod. Phys. Lett. A 6, 1967 ~1991!; Sheldon L.
Glashow, Phys. Lett. B256, 255 ~1991!.

@27# Q. Shafi and F. Stecker, Phys. Rev. Lett.53, 1292 ~1984!; S.
Achilli, F. Occhionero, and R. Scaramella, Astrophys. J.299,
577 ~1985!; S. Ikeuchi, C. Norman, and Y. Zahn,ibid. 324, 33
~1988!; A. van Dalen and R. K. Schaefer,ibid. 398, 33 ~1992!;
M. Davis, F. Summers, and D. Schlegel, Nature~London! 359,
393 ~1992!; A. Klypin et al., Astrophys. J.416, 1 ~1993!; D.
Schlegelet al., ibid. 427, 512 ~1994!.

@28# J. R. Primack, J. Holtzman, A. Klypin, and D. O. Caldwe
Phys. Rev. Lett.74, 2160~1995!.

@29# K. A. Olive and M. S. Turner, Phys. Rev. D25, 213 ~1982!.
@30# C. Giunti, C. W. Kim, and U. W. Lee, Mod. Phys. Lett. A6,

1745 ~1991!; J. Ellis, S. Kelly, and D. V. Nanopoulos, Phys
Lett. B 260, 131~1991!; U. Amaldi, W. de Boer, and H. Furst
enau,ibid. 260, 447 ~1991!; P. Langaker and M. Luo, Phys
Rev. D44, 817 ~1991!.

@31# See, for example, M. Lindner and M. Weiser, Phys. Lett.
383, 405 ~1996!; R. Foot,ibid. 420, 333 ~1998!.

@32# M. Dine and A. Nelson, Phys. Rev. D48, 1277 ~1993!; M.
Dine, A. Nelson, and Y. Shirman,ibid. 51, 1362 ~1995!; M.
Dine, A. Nelson, Y. Nir, and Y. Shirman,ibid. 53, 2658
~1996!.

@33# S. Dimopoulos, M. Dine, S. Raby, and S. Thomas, Phys. R
Lett. 76, 3494~1996!; D. R. Stump, M. Wiest, and C. P. Yuan
Phys. Rev. D54, 1936~1996!; S. Ambrosanio, G. L. Kane, G
D. Kribs, S. P. Martin, and S. Mrenna, Phys. Rev. Lett.76,
3498~1996!; Phys. Rev. D54, 5395~1996!; S. Dimopoulos, S.
Thosmas, and J. D. Wells,ibid. 54, 3283~1996!; K. S. Babu,
C. Kolda, and F. Wilczek, Phys. Rev. Lett.77, 3070~1996!; K.
Kiers, J. N. Ng, and G. Wu, Phys. Lett. B381, 177 ~1996!; J.
L. Lopez and D. V. Nanopoulos, Phys. Rev. D55, 4450
~1997!; H. Baer, M. Brhlik, C.-h. Chen, and X. Tata,ibid. 55,
3-6



a,
, ,

THREE NEUTRINODm2 SCALES AND THE SINGULAR . . . PHYSICAL REVIEW D 58 093003
4463 ~1997!; A. Ghosal, A. Kundu, and B. Mukhopadhyay
ibid. 56, 504 ~1997!; D. A. Dicus, B. Dutta, and S. Nandi
Phys. Rev. Lett.78, 3055~1997!; S. Ambrosanio, G. D. Kribs,
and S. P. Martin, Phys. Rev. D56, 1761~1997!.
09300
@34# E. J. Chun, H. B. Kim, and J. E. Kim, Phys. Rev. Lett.72,
1956 ~1994!; A. de Gouvea, T. Moroi, and H. Murayama
Phys. Rev. D56, 1281~1997!; J. Hashiba, M. Kawasaki, and
T. Yanagida, Phys. Rev. Lett.79, 4525~1997!.
3-7


